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Affine iterated function systems

Let fi,..., fn : R? = R be contracting maps

Theorem (Hutchinson 1981)

There is a unique nonemtpy compact set X C R? such that

X = fi(X) U U fulX).

» fi,..., fn is an iterated function system (IFS)

» We will restrict to affine maps f; : x — A;x + v;
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Theorem (Hutchinson 1981)

There is a unique nonempty compact X C R? such that

X = UA (X +d).
deD

» Question: When does X have nonemtpy interior?
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We have 4(X) = p(X) + pu(X) + pu(X) = 3u(X),
so p(X) = 0 and X has empty interior



Necessary condition

» A€ My(Z) is expanding
» DCZe

We will now assume that |D| = det(A)
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Sierpinski variant 3
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> D={()(0): (1), (})}
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A sufficient condition

Theorem (Bandt 1991)
D is a complete set of representatives in Z¢/AZ¢

—> X has nonempty interior

Previous “Sierpinski” examples:
27/ (39)2 = {(8). (
with Vo= (21), (%), (1)-

What happens when D is not complete?

):(1),V}
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Examples with “incomplete” D

Indeed,

SO

so 16pu(X) < 15u(X).
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Examples with “incomplete” D

A=(39) A=
D={(5):(0):(1):(3)} D=
2,
1
1 1

X has empty interior X has nonempty interior



Summary

Original question: when does X have nonempty interior?
» Self-affine tiles

» D is complete: sufficient condition
» D is not complete: anything can happen



Summary

Original question: when does X have nonempty interior?
» Self-affine tiles

» D is complete: sufficient condition

» D is not complete: anything can happen

» There is an algorithm: [Gabardo-Yu 2006] and
[Bondarenko-Kravchenko 2011]



Summary

Original question: when does X have nonempty interior?
» Self-affine tiles

» D is complete: sufficient condition

» D is not complete: anything can happen

» There is an algorithm: [Gabardo-Yu 2006] and
[Bondarenko-Kravchenko 2011]

» More general families? (When matrices A; are not equal?)



Affine iterated function systems
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Affine iterated function systems
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Affine iterated function systems

{,—g:s 0.4]%x + (0.5, -0.7)
[0.1 0.6]
[-0.9 0.3]*x + (0.8, 0.8)



Affine iterated function systems

-0.9 -0.0]*x +[{-0.1, 0.3)

[-0.6 -0.0]
[-0.3 0.9]*x +H1.0, 0.6)
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several unknowns X,..., X,,.



Graph-directed IFS (GIFS)
More general: replace X = fi(X)U---U fx(X) by a system of

several unknowns X, ..., X,,.
f2
X1 = filX1) U fo(X2) U f3(X3) /XZ
Xy = fa(Xy) fi CX1<{ ,> 5
X3 = f5(X2) f\3>X3

GRAPH IFS
with 3 states




Computational tools: multitape automata
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Multitape automata

d-tape automaton:
> alphabet A= A; x--- X Ay
> states O
» transitions Q x (A x --- x AT) = Q

00011

A=1{0,1} x {0,1}
o1oom1|oo1 0= (XY}
100

Accepted configurations:

0001010001000 ..

N _ N
1100011011 . .. € A" =({0,1} x {0,1})



2-tape automaton —— 2-dimensional IFS

ulv

Transition & e Tape alphabets A1, Az




2-tape automaton —— 2-dimensional IFS

ulv

Transition & e Tape alphabets A1, Az

— Mapping f(}) = (|A1(|)_IU| |A2|0—|v|) (5)+ (8511

o ..u‘u|
< Uy

)




2-tape automaton —— 2-dimensional IFS
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2-tape automaton —— 2-dimensional IFS

(

ulv
Transition & e Tape alphabets A1, Az
. N _ (|Ag7 0 7 0.ug ... Uy

—— Mapping f<y> = ( 0 |A2|—|U|) <y> + (O.Ul - Uy )
Automaton: 000' 11

01]00 C@O@)‘D 1001

110
Associated IFS:
(' 5 G) + @)

PO+ GRIL D s+ 6

(6" 172) (5) + ()
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2-tape automaton —— 2-dimensional IFS

101111
b./N.

~ 1) = (0" )G )+ Gt
. 0.0000z1 23 . .. 0.1011



2-tape automaton —— 2-dimensional IFS

101111
p./N.

~£(,) = (:%1:00 1) oo = 2); (o1 )
- (0:00y1;21?3.2.”->+(0:11 )
O.llylyg...



2-tape automaton —— 2-dimensional IFS

101111
> ./N.
~ () = (0" ) (o )+ (o)
. 0.0000x1 22 . . . 0.1011
0.11y1y2 N

Key correspondence
Fractal associated with automaton M

{(opmys ) € = (G127 7) accented by M}




Example: Sierpinski triangle

)+ () (385) 3G+ ()

Iterating IFS maps

0[0

wctoun

Automaton language
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Multitape automata <— fractals

Language theoretical properties of accepted language
+—>
Topological properties of fractal set

Example (in 2D) [Dube 1993, original idea]

0.z125 .. )
0.$1Z‘2 oo 0
<= X intersects the diagonal {(z, ) : z € [0,1]}

Automaton accepts one word of the form (
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Language universality <= nonempty interior

Fact 1: M is universal <= X = [0, 1]¢ )

» Universal: 2D, 1 state, transitions 0|0, 0|1, 1|0, 1|1
» Not universal: 2D, 1 state, transitions 0|0, 0|1, 1]0

Fact 2: M is prefix-universal <= X has nonempty interior |

» Universal with prefix 1 (but not universal)
1D, 1 state, transitions 1, 10, 00

filz) =x/24+1/2
fa(z) = x/4
f3(x) =x/4+1/2

1 . ] |
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Main result

Theorem [J-Kari 2013]
For 3-state, 2-tape automata:
» universality is undecidable

» prefix-universality is undecidable

Corollary
For 2D affine graph-IFS with 3 states:
» = [0,1]? is undecidable

» empty interior is undecidable
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Proof idea

Post correspondence problem (undecidable)

Given n pairs of words (u1,v1), ..., (tUn, V),
does there exists i1, ...,
such that Ugq *** Ujy, = Vg = Uik?

Examples:
» There is a solution:
(u1,v1) = (aa,aad), (u2,v2) = (bb,ba),
(us, v3) = (abb,b)
(i1,12,13,14) = (1,2,1,3) is a solution because
ujuguiuz = aa bb aa abb = aab ba aab b = vivav1v3
» No solution exists:
(u1,v1) = (aa,bab), (u2,v2) = (ab,ba)
» No solution exists:
(u1,v1) = (a,ab),  (uz,v2) = (ba,ab)
Variant: infinite-PCP
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Proof idea

Theorem [Dube 1993]

It is undecidable if the attractor of 2-dimensional IFS
intersects the diagonal {(z,x) : x € [0, 1]}

» PCP instance (uj,v1),. .., (Un,vy)
— 1-state automaton M with transitions wu;|v;

» 3 infinite-PCP solution

<= M accepts a configuration (xle h )
1T ...

. . 0.

< attractor contains a point ( L1 )
0.1’1$2 e

<= attractor N diagonal # &
» So: “attractor N diagonal # @" is undecidable



Proof idea

Theorem [J-Kari 2013]
For 3-state, 2-tape automata:
» universality is undecidable

» prefix-universality is undecidable

» Universality: reduce PCP
» Prefix-universality: reduce a variant of PCP (“prefix-PCP")
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Self-affine integer tiles: decidable
Affine 2D GIFS undecidable
What happens in intermediate cases?
» 1D?
» One-state GIFS? (i.e., IFS)
Links automata < topology:

vy

v

Property of the d-tape automaton  Topological property

3 configurations with = tapes Intersects the diagonal [Dube]
Is universal Is equal to [0, 1]¢

Has universal prefixes Has nonempty interior

? Is connected

? Is totally disconnected
Compute language entropy Compute fractal dimension

Thank you
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