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Abstract

We prove that every free group of finite rank can be realized as the fundamental group of
a planar Rauzy fractal associated with a 4-letter unimodular cubic Pisot substitution. This
characterizes all countable fundamental groups for planar Rauzy fractals. We give an explicit
construction relying on two operations on substitutions: symbolic splittings and conjugations
by free group automorphisms.

1 Introduction

In 1982, Rauzy proved that the dynamical system generated by the Tribonacci substitution
(1) = 12,0(2) = 13,0(3) = 1 is measure theoretically conjugate to an exchange of domains
on a compact subset of the plane with fractal boundary [Rau82]. He even showed that this
dynamical system is measure theoretically conjugate to a translation on the two-dimensional
torus: in other words, it has pure discrete spectrum. These results were later generalized to
every primitive irreducible unimodular Pisot substitution satisfying combinatorial conditions
called coincidence conditions [AI01, CS01, IR06, BBKO06]. The Pisot conjecture states that
such systems always have pure discrete spectrum [ABB™14].

The associated Rauzy fractals and their subdomains are compact sets equal to the closure of
their interior, and they are attractors of graph directed iterated function systems [SW02, ST09].
Besides these common properties, Rauzy fractals enjoy a great topological diversity. In the
literature, properties like connectedness, homeomorphy to a closed disc for planar Rauzy fractals
or triviality of their fundamental group are investigated. Most of these questions can be solved
algorithmically for a given substitution [ST09].

The study of Rauzy fractals and their topological properties is motivated by several appli-
cations. Examples are the numeration systems with non-integer bases (see [Thu89] and the
survey [BS05]); the computation of simultaneous Diophantine approximations [HMO6]; the
theory of tiling dynamical systems [Sol97, BBKO06|; the generation of discrete planes related
to multidimensional continued fraction algorithms [I094, ABIOZ2]; the relation with some
topological invariants of tiling spaces [BDS09]; and the search for explicit Markov partitions for
hyperbolic toral automorphisms [1093, KV98, Ad198, Pra99).

In the planar case, there are many known examples of Rauzy fractals which are homeomorphic
to a disc, or whose fundamental group is uncountable [Mes98, Mes06, ST09, LMST13|. How-
ever, until now, no example with “intermediate” constellation is known, where the fundamental
group would be nontrivial, but countable.

In this article, we prove that such an intermediate situation occurs by giving a method to
construct explicit examples. For any given K € N, we are able to construct a 4-letter primitive
unimodular cubic Pisot substitution whose Rauzy fractal has a fundamental group isomorphic



to the free group Fi of rank K (Theorem 5.2). This result is complete in the sense that every
countable fundamental group of a planar Rauzy fractal must be of this form (Proposition 2.8).

Our method relies on two symbolic operations on substitutions that induce manipulations on
the subtiles of the associated Rauzy fractals, namely symbol splittings and conjugation by free
group automorphisms. Questions about the effect of conjugation by free group automorphisms
on Rauzy fractals have already been raised in [G&h10] and [ABHSO06]. A consequence of our
work is that the fundamental group of the Rauzy fractal of a substitution o is not preserved after
conjugation of o by free group automorphisms.

Outline The paper is organized as follows. In Section 2, together with preliminary results, we
recall that Rauzy fractals can naturally be decomposed into subtiles and subsubtiles. We then
manipulate these tile subdivisions within the fractal in order to obtain the desired topological
properties. Our tools consist of two symbolic operations on substitutions: symbol splittings
(Section 3) and conjugation by free group automorphisms (Section 4). Our main results are
proved in Section 5. Schematically, they are obtained via the following strategy (see Figure 1):

(a) Start with a substitution o on three symbols whose Rauzy fractal and its subtiles are
disklike.

(b) Take n large enough such that the subtiles of o™ consist of sufficiently small subsubtiles for
the next two steps to be applicable (Proposition 5.1).

(c) Split a symbol to isolate a subsubtile and turn it into a subtile of the Rauzy fractal of a
new substitution 7 on four symbols (Proposition 3.2).

(d) Conjugate T by a suitable free group automorphism p. The Rauzy fractal associated with

p~17p now has a hole (Proposition 4.1).

& &

(a) Subtiles of o (b) Subsubtiles of o*
(c) Subtlles after splitting a sym- (d) Subtiles after conjugating by
bol in ¢* a free group automorphism

Figure 1: The main steps of our strategy.

Note that the subtiles in Figure 1 (d) do not overlap (see Theorem 5.2). The fractals in
Figure 1 (c) and 1 (d) have different areas, this is explained in Remark 2.2.



2 Preliminaries

In the following, A denotes a finite set of symbols, and A* denotes the free monoid over A
defined as the set of all finite words over A, where the composition of two words u and v is their
concatenation uv. If w is an element of A* or AN, its i-th letter is denoted by w;.

2.1 Substitutions

Let A be a finite set of symbols. A substitution is a non-erasing morphism of the free monoid A*,
i.e., a function o : A* — A* such that o(uv) = o(u)o(v) for all words u,v € A*, and such that
o(a) is nonempty for every a € A.

We denote by P : A* — Z" the Abelianization map defined by P(w) = (Jwl1,..., |w|,),
where |w|; denotes the number of occurrences of i in w. The incidence matriz M, of o is the
matrix of size n x n whose i-th column is equal to P(o(i)) for every i € A. A substitution o is

e unimodular if det(M,) = +1;

o primitive if M, is primitive (all the entries of M7 are strictly positive for some n > 1);

e Pisot if the dominant eigenvalue of M, is a Pisot number: an algebraic integer § > 1
whose Galois conjugates f1,. .., Bq satisfy |3;] < 1;

e irreducible if the algebraic degree d of the dominant eigenvalue § of M, is equal to the
size of the alphabet of o.

An infinite word u € AY is a periodic point of o if there exists k € N such that o*(u) = u.
Such a periodic point always exists when o is primitive [Quel0, Proposition 5.1].

2.2 Rauzy fractals and subtiles

Before defining Rauzy fractals we introduce the necessary algebraic setup. Let o be a primitive
unimodular Pisot substitution on the alphabet A = {1,...,n}, and let 5 be the Pisot the
dominant real eigenvalue of M,, a Pisot number of degree d. Denote by f1,..., 3, the r real
conjugates of 3, and denote by B,41,Br41,- -, Bris, Pris the 25 complex conjugates of 3 (we
have r+2s = d —1). Let v be a left eigenvector of M, associated with . Let 7, the projection
given by

o ¢ R" — R"xC®xRI!

€ (<VB1>ei>7 SO <V,3r+sv el>)
where each eigenvector vg. is obtained by replacing 3 by ; in the coordinates of vg. Note that
the conjugates 8,41, ..., Or+s are not taken into account in the definition of m,.

Definition 2.1. Let o be a primitive unimodular Pisot substitution on the alphabet A and let u
be a periodic point of 0. The Rauzy fractal of o (with respect to vg) is the set Ty = ;e 4 To(4),
where for each i € {1,...,n}, T5(i) is the subtile of type i given by

To(i) = {meP(uy ... up) : m € N and w41 = i}.

Remark 2.2. In the above definition, the norm of v does affect the area of the sets 7, and
75 (i) up to an inflation factor. Standard definitions of Rauzy fractals usually require ||vg||; = 1.
In this article, we will not put any restriction on the norm of vg, always specifying with respect
to which vz we define a Rauzy fractal. This will help us to avoid many technical difficulties when
relating different Rauzy fractals (living in different representation spaces) in Proposition 3.2 and
Proposition 4.1.



2.3 Subsubtiles and graph-directed iterated function system

In the definitions below we will need the mapping h, : R" x C* — R" x C?, defined by
h,(x) = diag(B1, ..., Brts)x. The mapping h, is contracting on R" x C*® because |5;| < 1 for
1 <7< r—+s. It corresponds to the action of M, before projecting by 7, in other words,
oMy, = hymy.

In Definition 2.1, we have given a decomposition of the tile 7, into its subtiles 7,(i). In
Sections 3 and 4 we will need to decompose Rauzy fractals one step further: each subtile 7,(7)
can be decomposed into its subsubtiles T, (i, j; k), defined below in Definition 2.3.

Intuitively, each subsubtile of 7,(i) corresponds to an occurrence of i in the words o(j).
We formalize the notion of occurrence before defining subsubtiles. A pair (j,k) € A x N is
an occurrence of the symbol i in o if o(j)r = 4, that is if the k-th letter of o(j) is i. We
will denote occurrences by (j; k) to emphasize the fact that j is an element of A and k is an
index. The set of occurrences of i in o is denoted by occ(o,i). For example, for o : 1 —
11213,2 +— 331,3 — 1 we have occ(o,1) = {(1;1), (1;2), (1;4),(2;3),(3; 1)}, occ(0,2) = {(1;3)}
and occ(o,3) = {(1;5),(2;1),(2;2)}.

Definition 2.3. Let (j; k) € occ(o,i). The subsubtile T,(i,j; k) is defined by
To(i, 55 k) = ho(T5(7)) + 1 P(0()1 - 0 (G)k-1)-

Note that 75(7,j; k) is defined only if (j;k) € occ(o,i). The tiles T, () are the solution of
a graph-directed iterated function system, which can be conveniently expressed in terms of
subsubtiles and symbol occurrences in the following theorem.

Proposition 2.4 ([SW02, EIR06]). Let o be primitive unimodular Pisot substitution on the
alphabet A. For every i € A we have

)= U Tk,

(j;k)€occ(o,i)
and this union is measure-disjoint.

The proof for the measure-disjointness is given in [SWO02] for the irreducible case and
in [ETRO06] for the reducible case. We also refer to [AI01, BS05, ST09, BR10].

Example 2.5. Let 0 : 1 — 21,2 — 31,3 — 1. The subsubtiles of ¢3 : 1 — 1213121,2 —
213121, 3 — 3121 are plotted in Figure 1 (b). The 9 subsubtiles of 7,3(1) = 75(1) correspond to
the 9 occurrences of 1 in ¢3; the 5 subsubtiles of 7,3(2) correspond to the 5 occurrences of 2 in

o3; the 3 subsubtiles of T,s(3) correspond to the 3 occurrences of 3 in o3.

Remark 2.6. According to see [AIO1], the subtiles 7,(i), i € A, are measure-disjoint if o
satisfies the strong coincidence condition: for every (ji,j2) € A2, there exists k € N and
i € A such that o%(j1) = pris; and 0¥ (ja) = paise with P(p1) = P(p2) or P(s1) = P(s2).

Remark 2.7. We mention that for N > 1 and ¢ € A we have 7, (i) = T~ (i). Moreover, iterating
the above equation, we obtain for all N > 1 and for every i € A we have

()= U  Tow(i,jk).

(j;k)€occ(alV i)

2.4 Countable fundamental groups of Rauzy fractals are free

We now prove that free groups of finite rank are the only possible countable fundamental groups
of Rauzy fractals. Let us recall the following basic notions and results from topology [WDT79]. A
topological space X is a continuum if it is compact and connected. It is locally connected if



it has a base of connected sets. A path from x to y in X is a continuous function f : [0,1] — X
with f(z) = 0 and f(y) = 1. X is path-connected if every two points of X are joined by
a path, and locally path-connected if it has a base of path-connected sets. It follows from
the theorem of Hahn-Mazurkiewicz that any locally connected continuum is path-connected.
Moreover, in a metric space, every locally connected continuum is locally path-connected by
results of Mazurkiewicz, Moore and Menger (see [Kur68, Section 50, Chapter II, p. 254]).

Proposition 2.8. Let o be a primitive unimodular Pisot substitution and let T, be its Rauzy
fractal. Suppose that T, and its subtiles are planar locally connected continua. If the fundamental
group of T, is countable, then it is isomorphic to the free group Fxg on K generators for some
finite rank K.

Proof. The result follows directly from a theorem of Conner and Lamoreaux [CLO5, Theorem 3.1],
which states that if a planar set is connected and locally path-connected, then its fundamental
group is not free if and only if it is uncountable. Note that this result can also be proved using a
theorem of Shelah [She88|. O

3 Symbol splittings
We now define a symbolic operation, symbol splitting, that we will use in Proposition 3.2.

Definition 3.1. Let o be a substitution on the alphabet A, let a € A, let b ¢ A be a new symbol
and let I C occ(o,a) be a nonempty set of occurrences of a in 0. The splitting of symbol a to
the new symbol b with occurrences I is the substitution 7 defined by

(i the word o (i) in which o(7)y is replaced by b for every (i;k) € I, if i # b,
7(1) =
7(a), if i =b.

See Example 3.3 for an example of symbol splitting. Note that if ¢ is a primitive unimodular
Pisot substitution, then so also is any splitting 7 arising from o (Lemma 3.4). Moreover, we
have x(x) = x - x,(x), where x, and y, are the characteristic polynomials of M, and M,
respectively. The action of symbol splittings on the Rauzy fractal of a substitution ¢ is described
in the next proposition, and is illustrated in Example 3.3.

Proposition 3.2. Let

e 0 be a primitive unimodular Pisot substitution on the alphabet A= {1,...,n},

o 7 be obtained by splitting of o from symbol a to a new symbol b = n + 1 with occurrences
I C occ(o,a),

o vg = (v1,...,vn) € R" be a left eigenvector of M, associated with 3,

e W5 = (V1,...,0n,0,) € R" (which is a left eigenvector of M, associated with B3, see
Lemma 3.4),

e 75 be the Rauzy fractal of o (with respect to the eigenvector vg),
o T; be the Rauzy fractal of T (with respect to the eigenvector wg).

We have
(1) T:(i) = T5(i) if i ¢ {a,b},

(2) Tr(a) = U To(a, j; k),

(j;k)€occ(o,a)\I

(3) T:(0) = U Tola,jsk).

(Fik)el



Example 3.3. Let 0 : 1 — 1213121,2 +— 213121, 3 +— 3121. We split the symbol a =1 to the
new symbol b = 4 with occurrences I = {(1;1),(2;6),(3;2)} of 1 in 0. The resulting substitution
7 and its Rauzy fractal are shown below. (The tiles associated with 4 are shown in black.)

1— 4213121
2+ 213124
3 — 3421
4+ 4213121

In order to prove Proposition 3.2 we need Lemma 3.4 and Lemma 3.5 below.

Lemma 3.4. Under the hypotheses of Proposition 5.2, 3 is an eigenvalue of M, and wg a left
eigenvector of M, associated with 5. Hence, the Rauzy fractal T; mentioned in the statement of
Proposition 3.2 is well-defined.

Proof. By definition of symbol splittings we have

(M7)ij = (Mg);; foralli ¢ {a,n+1} and j #n + 1,
(M:)nt1,j = (Mg )a,j for all j ¢ {a,n + 1},
(Mr)i,a + (MT)i,n—i-l = (MU)i,a for all 4 7& n+1.

Hence, by definition of wg we have (wgM,); = (vgM,); if i # n+1 and (WgM;)p41 = (VgMgy)a,
so wgM; = Bwg, which proves the lemma. O

Lemma 3.5. Under the hypotheses of Proposition 3.2, leti € {1,...,n,b=n+1} and (j;k) €
oce(t,i), and let ! = a if i = b and i’ =i otherwise. We have T;(i,j;k) = To(¢', 5; k) if j ¢ {a,b},
and T+ (i, a; k) U T-(i,b; k) = To (i, a; k).

Proof. First, note that h, = h; by definition, they are both equal to diag(5i, ..., Sr+s) (recall
that x-(z) = = - xo(x), see Section 2.3). Also, by Lemma 3.4, for j = 1,...,7 + s, ; is an
eigenvalue and wg; is a left eigenvector of M; associated with §;, where wpg, is obtained by
replacing S by f; in the coordinates of wg. It follows that 7.P(i) = 7,P(4) for all i # b and
7P (b) = 7P (a). We will use these facts later in the proof.

Next, we claim that 7, (i) = T5(i) if ¢ ¢ {a,b} and T;(a) UT;(b) = T5(a). Indeed, let u be a
periodic point of 7, and let v’ be defined by u), = a if u,, = b and u,, = u,, otherwise. Then it
is easy to check that v’ is a periodic point of o, and that 7, P(uy - - - up,) = 7P (u} - - - ul,) for all
m > 1, so our claim follows from Definition 2.1 of Rauzy fractals. Finally, we have

7(J)k-1)

7;—(2‘7]‘; k) = hTﬁ(]) + 71—7'13(7—(.7.)1 -
o(j)k-1)

=h,7;(j) + TP (c(j)
= T,(i', j; k) for j ¢ {a,b},

and
T (i, a;k) U T(i,b; k) = he (T (a) UT-(b)) + m-P(r(a)1 - - 7(a)g—1)
= b, Ty (a) + 7, P(r(a)1 -~ 7(a)i)
=h,7,(a) + 7sP(o(a);---o(a)g—1)
=T, (i, a; k),
which proves the lemma. ]



Proof of Proposition 3.2. Let (j; k) € occ(r,1), and let i’ = a if i = b and ¢’ = i otherwise. We
have

T-(i) = U T (1,7 k) by Proposition 2.4
(jsk)€occe(T,i)

= U Tk U U  Trli,ak) U U  76bk)

(4;k)€occ(r,1) (ask)€oce(T,i) (b;k)€oce(T,i)
j¢{a,b}
= U TG4k U U T(ak) UTo (6, b k)
(4sk)€oce(T,i) (a;k)€oce(T,i)
j¢{a,b}
= U 7.5k U U 7o(,a;k) Dby Lemma 3.5
(jsk)€eocce(T,i) (ask)€occe(T,i)
j¢{a,b}

= U %(ila j? k)
(4;k)€0cc(T,3)
J#b
The third line of the above equation follows from the second line because (a; k) € occ(r,17) if
and only if (b;k) € occ(r,i), by definition of symbol splittings. Statements (1), (2), (3) of
Proposition 3.2 can now be proved by combining the above equality and the fact that the
condition “(j; k) € oce(r,4) and j # b” is equivalent to

(j; k) € occ(o,1) if i ¢ {a, b}, which proves (1);
(j; k) € occ(o,a) \ I if i = a, which proves (2);
(j; k) € I if i = b, which proves (3).

Note that Statement (1) of Proposition 3.2 was already established in the proof of Lemma 3.5. [

4 Conjugation by free group automorphisms

In this section we describe the action of a particular family of free group automorphisms on the
Rauzy fractal of a substitution in Proposition 4.1, which will be used to prove our main result,
Theorem 5.2.

A free group morphism on the alphabet A is a non-erasing morphism of the free group
generated by A, consisting of the finite words made of symbols a and a~! for a € A. Substitutions
can be seen as a particular case of free group automorphisms, where no “~1'” appears in the image
of each letter. The inverse of a free group automorphism p is the unique morphism (denoted by
p~1) such that pp~! = p~!p is the identity. For example, the inverse of p : 1+ 1,2 > 211, is
plils 1,2 217017

The fundamental operation we will perform on a substitution ¢ is conjugation by a free
group automorphism p, i.e., forming the product p~'op where p is an automorphism. In
the specific cases that we will consider, o and p~lop will always both be substitutions (i.e.,
contain no “~1”). We will use a particular family of free group automorphisms, consisting of the
mappings p;; given by (together with their inverses)

ij  ifk=j ~ ity ifk=
pij(k) = . . Pijl(k) = . .
ko if k # g, k if k # 5.

The next proposition describes how a Rauzy fractal is affected when its associated substitution is
conjugated by a free group automorphism p;;. Example 4.2 and Example 4.3 provide examples
of conjugacy of free groups, and their actions on Rauzy fractals when combined with symbol
splittings.



Proposition 4.1. Let

e 7 be a primitive unimodular Pisot substitution on the alphabet A,

e b € A be such that there exists a unique ¢ € A such that for every (j; k) € occ(t,b), we
have k > 2 and 7(j)r—1 = ¢,

0= TP

wg € R be a left eigenvector of M. associated with 3,

zg = wgM,, € R" (which is a left eigenvector of My associated with j3),

T be the Rauzy fractal of T (with respect to eigenvector wg),

o Ty be the Rauzy fractal of 0 (with respect to eigenvector zg).

We have
(1) To(i) = To6) i i ¢ {b,c},
(2) To(b) UTs(c) = Tr(c).
More precisely,

(3) To(b) = Tr(c,jsk —1) = Tz (b) — 7 P(c),
(4;k)€occ(T,b)

(4) To(c) = U T (¢, 53 k).
(j;k)€oce(r,c)
(j;k+1)¢occ(T,b)

In particular, To = U;z, T7 (7).
Proof. We first check that zg is a left eigenvector of My associated with (:
25Mp = wsM,,, Mg = wsM,, M, | MM, , = wsM:M, , = fwsM,,, = fz3.

Hence, the Rauzy fractal 7y mentioned in the statement of the Proposition is well-defined. We
now prove Statements (1) and (2). Let u be a periodic point of € (i.e., there exists k > 1 such
that 6% (u) = u), and let v = pg(u). Tt is easy to check that v is a periodic point of 7:

(00 (1) = (0002 ) P (1) = 0" 2y Py (1) = P () = ey ().
Let £ : N — N be the unique function defined by induction as follows for m > 2:
1if b m—1)+1if upy #b
(1) = if uy # t(m) = (m —1) + 1if up #
2 if up = b, lm —1)+ 2 if up, =b.
In particular, we have um, = vy, for all m € N. The definition of £ is illustrated below, on an
example where ug = vy = b, v3 = ¢ and uy, ug, ug, v1, v2,vs ¢ {b, c}.

u = U U9 uz="b uy
pep(u) =v = v v v3=c v4=0b s

= Up1) Ue2) Ve2)+1  Ve3) Vi)

The equality zg = wgM,_, implies that (zg,e;) = (wg,e;) if i # b and (zg, ep) = (Wg, e.) +
(wg,ep). Hence, by definition of 7, and my we have mgP (i) = 7, P(3) if ¢ # b and mpP(b) =
7 P(c) + 7, P(b). Tt follows that for all m € N,

ﬂgP(ul‘--um): Z 7T9P(uk)+ Z TP (D)

1<k<m 1<k<m
up#b uE=b

= Z FTP(Ug(k)) + Z (WTP(C) + 7TT]':)(b))
1<k<m 1<k<m

= Z WTP(UZ(k)) + Z 71-7']-:)(UZ(I<:)—lvl(k))
1<k<m 1<k<m
u;ﬁéb uk:b

= TP (vg) -+ Ve(m))-



It is easy to verify that for all i ¢ {b,c}, ¢ is a bijection between {m € N : w11 = i} and
{m e N:vp41 =i}, so

'TG(Z) = {W@P(ul .- um) D Umt1 = Z}
={mP(v1 " Vgim)) * Ve(my11 = i}
= T-(i).

Moreover, ¢ is also a bijection between {m € N : w41 = b or ¢} and {m € N: v,,41 = ¢}, so

%(b) U TO(C) = {7r9P(u1 T Um) S Umy1 = b or c}

= {WTP(Ul T UE(m)) S V(m)+1 = C}

= T:(c).

Therefore, Statements (1) and (2) are proved. For the second equality of Statement (3), we
compute

To(b) + mgP(c) = {mgP(uy - - - um) + P () : upm+1 = b}

= {1 P(v1 - Vgm)€) © Vg(m)42 = b}

~ T.(b).

We used here that m — £(m) + 1 is a bijection between the sets {m € N : u,;,+1 = b} and
{m € N : vy,41 = b}. We now prove the first equality of Statement (3) (giving a precise
description of the subsubtile decomposition of Ty(b)). Note that

0(i) {the word 7(7) in which each occurrence of ¢b is replaced by b, if i # b
1) =

the word 7(¢b) = 7(c)7(b) in which each occurrence of ¢b is replaced by b, if i = b.

We apply Proposition 2.4, and use the fact that hg = h, as well as the above correspondence
between the occurrences of b in # and in 7:

Tob)= |J  hoTo(i) + 7P O0)1- - 0(j)k—1)
(jsk)€occ(8,b)
= U h, 77 () + 7 P(r(G)1 -+ 7(§)w—2)

(jsk")€oce(T,b),j#b,c

U U hoTy(c) + mP(r(c)1 -+ 7(c)pr—2) (*)
(¢;k")€occe(T,b)

U U hoTo(b) + 7P (7(c)1-- - 7(c)pr—2) (xx)
(c;k")eocc(T,b)

u U w7 +mP(r(e)r(b)r - T(b)w—2). (o)

(b;k")€occ(T,b)

Recall that Tp(b) U Ty(c) = T-(c), hence, hy(Ty(b) U Ty(c)) = h.T:(c), which allows us
to combine (*) and (#*) into a single union. Since 7P (7(c)) = h,7.P(c) = hymyP(c) and
To(b) + mgP(c) = T-(b), we can write in (xxx) that

hg%(b) + WTP(T(C)T(b)l ce T(b)k/_g) = h»fﬁ—(b) + WTP(T(b)l co T(b)k/_g).

Therefore, Statement (3) follows from

To(b) = U bT70) +mPEG) m()w—2) = U Tk -1).
(4;k")€occ(r,b) (4;k")€occ(r,b)
Statement (4) can be proved via a similar computation for Ty(c). O



Example 4.2. Let 0 : 1+ 21,2 — 31,3 +— 1. First we split 02 : 1 — 1213121,2 — 213121,3 —
3121 from a = 1 to b = 4 with occurrences I = {(1;7)} to obtain 7 : 1 +— 1213124,2 —
213121,3 — 3121,4 — 1213124. Then we conjugate 7 with pog : 1 — 1,2 +— 2,3 — 3,4 — 24:

1 = 1 +— 1213124 — 121314
4 )2 2w 213121 213121
PuTP2a* Y 3y 3y 3121 — 3121
4 s 24— 2131211213124 — 213121121314

The effect of these operations on the Rauzy fractals are shown in Figure 1: the subtiles of 7T, are
shown in (a), the subsubtiles of T s are shown in (b), the subtiles of 7; are shown in (¢) and the
subtiles of 7y are shown in (d).

Example 4.3. Let 0 : 1 — 21,2+ 31,3 — 1. Let 7 be the splitting of ¢ from 1 to 4 with
occurrences I = {(1;24); (1;31); (1;33); (1;40)}. (Note that o(1),—1 = 2 for all (1,p) € I.) Let
0= p§417p24 with pog 11— 1,2+ 2,3 — 3,4 +— 24. The effect of these operations on the Rauzy
fractal are shown in Figure 2.

@ & &

Figure 2: Rauzy fractals of the substitutions defined in Example 4.3. The subsubtiles of 76
(left), the subtiles of T, (center), and the subtiles of 7y (right).

5 Main results

We now combine the results of Section 3 (symbol splittings) and Section 4 (conjugations by
free group automorphisms) in order to prove our main result, Theorem 5.2. First, we prove in
Proposition 5.1 that it is possible to “dig holes” in a “nice” planar Rauzy fractal by extracting
some subsubtiles.

Proposition 5.1. Let o be a primitive unimodular Pisot substitution on the alphabet A with
dominant Pisot eigenvalue of degree 3, such that T, and its subtiles T,(i) (i € A) are home-
omorphic to a closed disc. Let K > 1. Then there exist two letters a # ¢ € A and N > 1
and

ICc{(j;k) € occ(aN,a) : o*N(j)k_l =c} C occ(aN,a)
=:0Opn
such that the sets
777(“)\ U EN(CL,j;k): U ’TUN(CL,j;k)
(j;k)el (j;k)€occ(aN ,a)\I

and

T\ U Tonla,jsk)

(g;k)el

are homeomorphic to a closed disc minus the union of K disjoint open discs of its interior. Here,
M denotes the closure of a set M.
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Proof. Let a # ¢ € A such that the word ca occurs in a power of o, i.e., such that ¢™ (jo)r, = a
and 0" (jo)k,—1 = ¢ for some jo € A and ng,kp > 1. We will dig holes in the subsub-
tile Tyno (a, jo; ko) C To(a). Let xi,...,xx be K points in the interior of T5no (a, jo; ko) and
Bi,...,Bg C Tsmo(a, jo; ko) be K disjoint closed discs such that for each m € {1,..., K}, By, is
centered at xz,,. We can assume that By,..., Bx all have the same radius » > 0 and that their
boundaries do not intersect the boundary of Tyno (a, jo; ko).

We can choose N such that all the subsubtiles of oV have diameter less than r/2, because
each subsubtile of oV is a copy of a subsubtile of ¢ which is scaled down by hY, and h, is
a contraction. Thanks to Proposition 2.4 and Remark 2.7, we can further choose a set of K
occurrences I := {(j1;k1),- .., (jp; kp)} C occ(a™,a) such that for every m € {1,...,K}, we
have z, € T~ (@, jm; km). Each subsubtile T~ (a, jm; km) has diameter less than r/2, thus it is
contained in B,,. In particular, the subsubtiles T ~(a, j1; k1), ..., T~ (a, jk; ki) are all disjoint
and contained in T5no (a, jo; ko).

We claim that I € Op. Indeed, by assumption, there exist a prefix p € A" and a suffix
s € A* satisfying 0™ (jo) = pas, |[p| = ko — 1 and pg,—1 = c¢. Moreover, it follows from
the inclusion T~ (a, jm;km) C Tono(a, jo; ko) that there exist pl,,s!, € A* with the property
that o™ (j) = o™ (pl,) pas o™ (s.,) and |o™ (p')p| = kuy, — 1. Thus oV )k, -1 = c and
(Jm; km) € On, for each m € {1,..., K}.

Each subsubtile T_x (a, jm; km) is a set which is homeomorphic to a disc and which is contained
in By,. Therefore, by Schénflies” theorem [Tho92], the closure of T, \ Ujpyer Ton (a, j; k) is
homeomorphic to a disc from which K open discs with disjoint boundaries have been removed.
The same property holds for

To(a)\ U Tov(a,jik) = U  Tov(agik)
(j;k)el (j;k)€occ(aN ,a)\I
(note that the union on the right side is measure-disjoint by Proposition 2.4). O

We are now able to prove our main result.
Theorem 5.2. Let K > 1 be an integer and denote by Fi the free group of rank K. Then:

(1) There exists a 4-letter primitive unimodular Pisot substitution T such that the fundamental
group of a subtile T:(a) of the Rauzy fractal T; is isomorphic to Fr, and such that the
subtiles of T, have disjoint interiors.

(2) There exists a 4-letter primitive unimodular Pisot substitution 6 such that the fundamental
group of the Rauzy fractal Ty is isomorphic to Fx and such that the subtiles of Ty have
disjoint interiors.

Proof. Let o be any primitive unimodular substitution on the alphabet {1,2,3} whose dominant

eigenvalue is a cubic Pisot number, and such that 7, and its subtiles are homeomorphic to a disc

and have disjoint interiors. We also require ¢ to satisfy the strong coincidence condition

(see Remark 2.6). Omne of the many possible choices for o is the Tribonacci substitution

1+ 12,2+ 13,3 — 1, for which the above properties can easily be verified [ST09, BR10].
Leta#ce A N >1 and

N ( N

Ic{(j;k) €occla™N,a): oV (j)p_1 = ¢} Cocc(a™,a)

=:On

as given in Proposition 5.1. Then U(;.x)cocc(o a1 7o (@, J; k) is homeomorphic to a closed disc
minus the union of K disjoint open discs. Thus the fundamental group of this set is isomorphic
to Fix. Let 7 be the substitution obtained from ¢¥ by splitting a to a new symbol b with
occurrences I. By Proposition 3.2 we have Tr(a) = Ujik)cocc(oN anr Tov (@, 43 k), so Tr(a) is
isomorphic to F.
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The subtiles of 7, are measure-disjoint. Indeed, ¢%V is a primitive unimodular Pisot sub-
stitution, thus for each i € A, the subsubtiles of 7, ~ (i) are measure-disjoint for each i € A
(see Proposition 2.4). Moreover, we chose o satisfying the strong coincidence condition, so the
subtiles 7, (i) = T~ (i) (i € A) of T~ are also measure-disjoint (see Remark 2.6). Therefore,
Proposition 3.2 implies that the subtiles of T, are measure-disjoint and Statement (1) is proved.

To prove Statement (2), we make use of the specific choice I C Oy for the set of occurrences.
Indeed, a conjugation will have the effect of moving the subsubtiles associated with I from the tile
associated with b into another tile, hence leaving K holes in the fractal. We apply Proposition 4.1
to 7, which is a primitive unimodular Pisot substitution on the alphabet A’ := AU {b}, and to
0= pg)lTpcb. The assumption on the occurrences of b is fulfilled because I C Oy. Remember
that Proposition 3.2 also asserted that 7(i) = T~ (i) if i ¢ {a,b}. It follows that

To=UT:0) = U T() U T:(a)

i#b i#ab
= U Tov(i) U U Ton(a, s k)
i#a,b (7;k)€occ(aN ,a)\I
—_———
Uz;ﬁanN(Z)
=T\ U Tov(a5ik)
(Jik)el

and its fundamental group is isomorphic to Fix by Proposition 5.1.
Finally, as all subtiles 7,(7) and there subsubtiles are measure-disjoint, we can infer from
Proposition 4.1 that the subtiles of 7y are also measure-disjoint. O

6 Conclusion

Our results are obtained with a fixed number of symbols (4) so there is no bound of the number
of holes by the number of symbols, which answers a question asked to the authors by Minervino.
It is not known whether there exists a 3-letter Pisot substitution with nontrivial but countable
fundamental group.

In further developments, we may try to realize higher homology/homotopy groups for three-
dimensional Rauzy fractals associated with Pisot numbers of degree > 4. Indeed, illustrations
of Figure 3 lead to think that our methods could be adapted to higher dimensions, since
Propositions 3.2 and 4.1 do not assume planarity of the tiles. However this is out of reach for the
moment, because we need the essential preliminary fact that the subtiles are homeomorphic to a
ball, but appropriate criteria in 3-dimensions do not currently exist. A reason is that the theorem
of Schonflies used in Proposition 5.1 does not generalize to higher dimensions. Developments in
this direction have recently been obtained by Conner and Thuswaldner [CT14].

Another perspective for further work is to describe some uncountable fundamental groups for
some simple examples, such as the fractal shown in Figure 4. This has successfully been done for
some fractals such as the Hawaiian earring or the Sierpinski triangle [CC00, ADTWO09].
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Figure 3: Drilling holes in the “Quadribonacci” substitution o : 1 +— 21,2+ 31,3 — 41,4 — 1.
We have splitted the occurrences {(1,8),(2,7)} of 1 to a new symbol 5 in o3, and conjugated the
result by pa 5 to obtain the substitution 6 : 1 — 4121315, 2 — 121315, 3 — 213121,4 — 3121,5 —
1213154121315. The Rauzy fractals of o and 6 are plotted above left and right, respectively.
These fractals are three-dimensional because the associated Pisot eigenvalue is of degree 4.

Figure 4: The Rauzy fractals of 1 — 2413,2 — 43,3 — 2433,4 — 1 (left) and 1 — 2,2 —
4,3,3+— 4,4 53,5+ 6,6 — 1 (right). The first picture suggests that one of the subtiles is
homeomorphic to a disc from which infinitely discs have been removed, which would make it
homeomorphic to the Hawaiian earring.

References

oy L. Adler, Symbolic dynamics and Markov partitions, Bull. Amer. Math. Soc. (N.S.
AdI98| Roy L. Adler, Symbolic d j d Mark it Bull. A Math. S N.S.) 35
(1998), no. 1, 1-56.

[ADTWO09] S. Akiyama, G. Dorfer, J. M. Thuswaldner, and R. Winkler, On the fundamental group of
the Sierpinski-gasket, Topology Appl. 156 (2009), no. 9, 1655-1672.

[ABB*14] Shigeki Akiyama, Marcy Barge, Valérie Berthé, Jeong-Yup Lee, and Anne Siegel, On the
pisot substitution conjecture, To appear in the book Directions in Aperiodic Order (2014).

[ABHSO06] Pierre Arnoux, Valérie Berthé, Arnaud Hilion, and Anne Siegel, Fractal representation of the
attractive lamination of an automorphism of the free group, Ann. Inst. Fourier (Grenoble) 56 (2006),
no. 7, 2161-2212, Numération, pavages, substitutions.

[ABIO2] Pierre Arnoux, Valérie Berthé, and Shunji Ito, Discrete planes, Z*-actions, Jacobi-Perron
algorithm and substitutions, Ann. Inst. Fourier 52 (2002), no. 2, 305-349.

[AIO1] Pierre Arnoux and Shunji Ito, Pisot substitutions and Rauzy fractals, Bull. Belg. Math. Soc.
Simon Stevin 8 (2001), no. 2, 181-207.

[BBKO06] Veronica Baker, Marcy Barge, and Jaroslaw Kwapisz, Geometric realization and coincidence
for reducible non-unimodular Pisot tiling spaces with an application to B-shifts, Ann. Inst. Fourier
(Grenoble) 56 (2006), no. 7, 2213-2248.

[BDS09] Marcy Barge, Beverly Diamond, and Richard Swanson, The branch locus for one-dimensional
Pisot tiling spaces, Fund. Math. 204 (2009), no. 3, 215-240.

[BR10] Valérie Berthé and Michel Rigo (eds.), Combinatorics, automata and number theory, Encyclope-
dia of Mathematics and its Applications, vol. 135, Cambridge University Press, 2010.

[BS05] Valérie Berthé and Anne Siegel, Tilings associated with beta-numeration and substitutions,
Integers 5 (2005), no. 3, A2, 46 pp. (electronic).

13



[CCO00] J. W. Cannon and G. R. Conner, The combinatorial structure of the Hawaiian earring group,
Topology Appl. 106 (2000), no. 3, 225-271.

[CS01] Vincent Canterini and Anne Siegel, Geometric representation of substitutions of Pisot type, Trans.
Amer. Math. Soc. 353 (2001), no. 12, 5121-5144.

[CLO5] G. R. Conner and J. W. Lamoreaux, On the existence of universal covering spaces for metric
spaces and subsets of the Euclidean plane, Fund. Math. 187 (2005), no. 2, 95-110.

[CT14] Gregory R. Conner and Jorg M. Thuswaldner, Self-affine Manifolds, arXiv:1402.3000 (2014).

[EIR06] Hiromi Ei, Shunji Ito, and Hui Rao, Atomic surfaces, tilings and coincidences. II. Reducible
case, Ann. Inst. Fourier (Grenoble) 56 (2006), no. 7, 22852313, Numération, pavages, substitutions.

[G&h10] Franz Gahler, MLD relations of Pisot substitution tilings, Journal of Physics: Conference Series
226 (2010), 012020.

[HMO06] Pascal Hubert and Ali Messaoudi, Best simultaneous Diophantine approximations of Pisot
numbers and Rauzy fractals, Acta Arith. 124 (2006), no. 1, 1-15.

unji Ito an akoto Ohtsuki, Modified Jacobi-Perron algorithm and generating Markov
1093] Shunji I d Mak Ohtsuki, Modified Jacobi-P lgorith d ting Mark
partitions for special hyperbolic toral automorphisms, Tokyo J. Math. 16 (1993), no. 2, 441-472.

[I094] , Parallelogram tilings and Jacobi-Perron algorithm, Tokyo J. Math. 17 (1994), no. 1,
33-58.

[IR06] Shunji Ito and Hui Rao, Atomic surfaces, tilings and coincidence. 1. Irreducible case, Israel J.
Math. 153 (2006), 129-155.

[KV98] Richard Kenyon and Anatoly Vershik, Arithmetic construction of sofic partitions of hyperbolic
toral automorphisms, Ergodic Theory Dynam. Systems 18 (1998), no. 2, 357-372.

[Kur68] Kazimiercz Kuratowski, Topology. Vol. II, New edition, revised and augmented. Translated
from the French by A. Kirkor, Academic Press, New York, 1968.

[LMST13] B. Loridant, A. Messaoudi, P. Surer, and J. M. Thuswaldner, Tilings induced by a class of
cubic Rauzy fractals, Theoret. Comput. Sci. 477 (2013), 6-31.

[Mes98] Ali Messaoudi, Propriétés arithmétiques et dynamiques du fractal de Rauzy, J. Théor. Nombres
Bordeaux 10 (1998), no. 1, 135-162.

[Mes06] , Propriétés arithmétiques et topologiques d’une classe d’ensembles fractales, Acta Arith.
121 (2006), no. 4, 341-366.

[Pra99] Brenda Praggastis, Numeration systems and Markov partitions from self-similar tilings, Trans.
Amer. Math. Soc. 351 (1999), no. 8, 3315-3349.

[Quel0] Martine Queffélec, Substitution dynamical systems—spectral analysis, second ed., Lecture Notes
in Mathematics, vol. 1294, Springer-Verlag, Berlin, 2010.

[Rau82] Gérard Rauzy, Nombres algébriques et substitutions, Bull. Soc. Math. France 110 (1982), no. 2,
147-178.

[She88] Saharon Shelah, Can the fundamental (homotopy) group of a space be the rationals?, Proc.
Amer. Math. Soc. 103 (1988), no. 2, 627-632.

[ST09] Anne Siegel and Jorg M. Thuswaldner, Topological properties of Rauzy fractals, Mém. Soc. Math.
Fr. (N.S.) (2009), no. 118, 140.

[SWO02] Victor F. Sirvent and Yang Wang, Self-affine tiling via substitution dynamical systems and
Rauzy fractals, Pacific J. Math. 206 (2002), no. 2, 465-485.

[Sol97] Boris Solomyak, Dynamics of self-similar tilings, Ergodic Theory Dynam. Systems 17 (1997),
no. 3, 695-738.

[Tho92] Carsten Thomassen, The Jordan-Schonflies theorem and the classification of surfaces, Amer.
Math. Monthly 99 (1992), no. 2, 116-130. MR 1144352 (92k:57026)

[Thu89] William Thurston, Groups, tilings, and finite state automata, AMS Colloquium lecture notes,
1989, Unpublished manuscript.

[WD79] Gordon Whyburn and Edwin Duda, Dynamic topology, Springer-Verlag, New York, 1979,
Undergraduate Texts in Mathematics, With a foreword by John L. Kelley.

14



	1 Introduction
	2 Preliminaries
	2.1 Substitutions
	2.2 Rauzy fractals and subtiles
	2.3 Subsubtiles and graph-directed iterated function system
	2.4 Countable fundamental groups of Rauzy fractals are free

	3 Symbol splittings
	4 Conjugation by free group automorphisms
	5 Main results
	6 Conclusion

